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Abstract. By Kodaira's stability theorem |24| . a Kahler metric on a closed 
complex manifold is stable in the meaning of Kodaira and Spencer, that is, 
always extends to a smooth family of compatible Kahler metrics for a smooth 
family of any small deformation of complex structures. In this article, we in- 
vestigate this stability of Sasakian metrics in deformation theory. We present 
an example of a Sasakian metric on a circle bundle over a complex torus 
which is not stable in a smooth family of transversely holomorphic Riemann- 
ian flows. We show that the triviality of the (0, 2)-component of the basic Euler 
class characterizes the stability of Sasakian metrics in smooth families of small 
deformation of transversely holomorphic Riemannian flows. We also prove a 
Kodaira- Akizuki-Nakano type vanishing theorem for basic Dolbeault cohomol- 
ogy of homologically orientable transversely Kahler foliations. Combining with 
the characterization of the stability, we show that a positive Sasakian metric 
is always stable. 
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1. Introduction 

1.1. Characterization of the stability of Sasakian metrics. Kodaira's stabil- 
ity theorem [21] of Kahler metrics on compact complex manifolds is one of funda- 
mental tools in deformation theory of complex structures. A Sasakian metric is a 
geometric structure on an odd dimensional manifold M whose standard extension 
to the cone M x M>o gives rise to a Kahler metric (see Definition l2.1[) . We present 
an example of a Sasakian manifold to show that Sasakian metrics may not have 
stability in a smooth family of transversely holomorphic Riemannian flows (see 
Section l8.2p . In our examples of nonstable Sasakian metrics, it is easy to see that 
the nontriviality of the (0, 2)-component of the basic Euler class of flows gives an 
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obstruction for stability of the Sasakian metrics. Our main result shows that this 
obstruction is the unique obstruction. Precisely, a Sasakian metric is stable in a 
smooth family of small deformation of transversely holomorphic Riemannian flows, 
if the basic Euler class is of class (1,1). Our reference on Sasakian manifolds is 
Boyer and Galicki [5] (see Section 8.2 for deformation theory of Sasakian metrics). 

A 1-dimensional foliation is called a flow in this article in accordance with refer- 
ences. Our main result is stated as follows: Let T be an open neighborhood of in 

and {(-F*, /*)}tgT be a smooth family of transversely holomorphic Riemannian 
flows on a closed manifold M. Assume that {1^,1^) has a compatible Sasakian 
metric g. 

Theorem 1.1. // the basic Euler class of (J^*, /*) is of degree (1,1) for every t in 
an open neighborhood U of in T , then there exists an open neighborhood V of Q 
in T and a smooth family of Riemannian metrics {g*}tey on M such that is a 
Sasakian metric compatible to (J^*, /*) for every t in U and g^ = g. 

For the existence of a smooth family of compatible Sasakian metrics, it is necessary 
that the basic Euler class of (J^*, /*) is of class (1,1) (see Lemma [3. 5 1) . 

The difficulty to prove Theorem 11.11 comes from the noncontinuous change of 
basic differential complexes of foliations. We cannot translate directly our problem 
to a smooth family of partial differential equations to solve and cannot apply the 
Hodge-de Rham-Kodaira theory to the families of Laplacians on the basic de Rham 
complexes to prove Theorem ll.il To avoid this difficulty, we will apply results on 
deformation of Riemannian foliations in Nozawa [28] and [29]. This allows us to 
change problems on families of basic de Rham complexes to problems on families 
the de Rham complexes which is much easier. 

1.2. Kodaira-Akizuki-Nakano vanishing theorem for transversely Kahler 
foliations. We show 

Theorem 1.2. Let {M,!F) be the underlying transversely Kdhler flow of a positive 
Sasakian manifold. Then we have 



This is a generalization of the part of Proposition 2.4 of Boyer, Galicki and Naka- 
maye |6! . They deduced Theorem 11.21 from Kodaira-Baily vanishing theorem for 
complex orbifold in Baily (2j for the case where Sasakian manifolds are quasi-regular, 
that is, every orbit of the flow generated by the Reeb vector field is closed. 

Theorem ll.2l is a consequence of the following version of Kodaira-Akizuki-Nakano 
vanishing theorem for basic Dolbeault cohomology: Let (A/, T) be a closed manifold 
with a homologically orientable transversely Kahler foliation of complex codimen- 
sion n. Let E be an J^-fibered Hermitian holomorphic line bundle over (Af , J-) (see 
Definitions 13.21 and 16. 6p . 

Theorem 1.3. If E is positive, then 




hI\m/t) = 





Hl^\M/F,E) = Q 
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This is a generalization of Kodaira-Baily vanishing theorem [2^ for the case where 
every leaf of T is compact. Note that H^''^{M/J^,E) may not be isomorphic to 
HP{M/T,il^ E) where ft^ is the sheaf of basic holomorphic p-forms on {M,J^) 
as we will remark in the paragraph after Definition 16.101 Because of this difficulty, 
the classical argument to show Theorem 11.21 for Fano manifolds does not work for 
basic cohomology of transversely Kahler foliations as pointed out by Boyer, Galicki 
and Nakamaye before Proposition 2.4 of 6 . We show that a simple observation, 
Lemma [6. Ill can be used to avoid this difficulty. 

We will show that analogs of Grauert-Riemenschneider's vanishing theorem [TB] 
and Girbau's vanishing theorem [15_ for basic cohomology of homologically ori- 
entable transversely Kahler foliations can be proved following the argument of De- 
mailly j9] (see Theorem 16. 9|) . 

The basic cohomology of Riemannian foliations has certain aspects similar to 
those of the de Rham cohomology of manifolds. But some cohomology vanishing 
theorems fail to hold for basic cohomology of Riemannian foliations at least directly 
(see Min-Oo, Ruh and Tondeur 26 ). One of the reason is that the formal adjoint 
operator of the differential d on the basic de Rham complex is not given by the 
conjugation by the basic Hodge star operator (see Proposition 3.6 of Kamber and 
Tondeur [53] for the difference). But, for homologically orientable Riemannian 
foliations. El Kacimi and Hector [T3] and El Kacimi !12_^ provided a method to 
overcome this difficulty based on Molino's structure theory. We show that their 
method can be applied to show Theorem 1 1.31 

1.3. Stability of positive Sasakian metrics. We obtain the following corollary: 
Let T be an open neighborhood of in and {(J^*, P)}teT be a smooth family of 
transversely holomorphic Riemannian flows on a closed manifold M. Assume that 
(J-"*^, /") has a compatible Sasakian metric g. Assume that the Sasakian metric g is 
positive. 

Corollary 1.4. Then there exists an open neighborhood V of in T and a smooth 
family of Riemannian metrics {g^}tev on M such that g* is a Sasakian metric 
compatible to (J-"*, /*) for every t in V and (f — g. 

Corollary 11.41 is a consequence of Theorems 11.11 and 11.21 Indeed, since the pos- 
itivity of the anticanonical line bundles of transversely holomorphic foliations is 
preserved under small deformation, the assumption of the positivity of g implies 
that iJ°'^(Af/J'*) = for t in an open neighborhood of in T by Theorem [Ol 
Hence the basic Euler class of (J^*, /*) is of degree (1,1). Thus Theorem 11.11 implies 
the existence of a family of Sasakian metrics compatible to (7^*, /*). 

1.4. Stability of A'-contact structures in families of Riemannian flows. 

Recall that a contact form 77 on a smooth manifold M is A'-contact if there exists 
a metric on M preserved by the flow generated by the Reeb vector fleld of 77. We 
state a AT-contact variant of Theorem ll.il Let M be a closed manifold. Let {g,rf) 
be a AT-contact structure on M . Let T be an open neighborhood of in K^. Let 
be a smooth family of Riemannian flows on M such that is the flow 
deflned by the Reeb vector field of rj. 

Theorem 1.5. There exists an open neighborhood VofOinT and a smooth family 
{ri* }teu of K- contact structures on M such that is induced by the orbits of the 
Reeb vector field of rj* for every t in U and rf = rj. 
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1.5. Moduli space of Sasakian metrics with a fixed transversely Kahler 

flow. At last, we show a result which describes the difference of moduli spaces of 
Sasakian metrics and their underlying transversely Kahler flows. Let M be a closed 
manifold. Let S be the set of Sasakian metrics on M . Let /C be the isomorphism 
classes of transversely Kahler flows on ill. There exists a natural map : S — > JC 
which corresponds each Sasakian metric to the underlying transversely Kahler flow. 
We take a point on JC. Let Diffo(€o) be the identity component of the group of 
diffeomorphisms of M which preserves the transversely Kahler flow t^. We define 

Ham({o) = {/ e E)iffo({o) 1 [r] - /*?/] is an exact 1-form }. 

Then we have 

Theorem 1.6. There exists a homeomorphism 

(4) X-i(to)/Ham(«o) H\M;R). 

Note that Diffo(lo)/ Ham(Jo) is an abelian group (see the second paragraph of 
Section [7]). Thus A^~^(to)/E)ifFo(to) is a quotient of a vector space by an abelian 
group. As a corollary, we have the following 

Corollary 1.7. Let M be a closed manifold whose first Betti number is zero. If the 
underlying transversely Kahler flows of two Sasakian metrics {gi,ai) and {§2, 0:2) 
are isomorphic, then (AI, gi, ai) and {M, g2, €(2) are isomorphic. 

Acknowledgement. The author expresses deep gratitude to Jesiis Antonio Alvarez 
Lopez to point out a mistake in Proposition 3.6 of the previous version of this man- 
uscript. It was in the discussion with Jesus Antonio Alvarez Lopez during the 
author stayed in the University of Santiago de Compostela in the spring of 2009. 
The author would like to express his deep gratitude to Jesiis Antonio Alvarez Lopez 
also for his invitation, great hospitality and valuable discussion. 

2. Definitions 

2.1. Sasakian metrics. Let M be an odd dimensional smooth manifold. We recall 
the definition of Sasakian metrics: 

Definition 2.1 (Sasakian metrics). A pair of a contact form rj and a Riemannian 
metric g on M is a Sasakian metric on M if the Riemannian metric r^g + dr (S) dr 
on M X M>o is a Kahler metric with the Kahler form d{r'^r]) where r is the standard 
coordinate on M>o. 

Basic examples of Sasakian manifolds are circle bundles associated to positive holo- 
morphic line bundles over Kahler manifolds, links of isolated singularities of com- 
plex hypersurfaces defined by weighted homogeneous polynomials and contact toric 
manifolds of Reeb type (see Boyer and Galicki [4l and Blair [3]). 

2.2. Foliations with transverse structures. A Sasakian manifold (M, 77, 5) has 

a 1-dimensional foliation T defined by the orbits of the flow generated by the Reeb 
vector field of 77. In this section, we recall the definition of certain transverse 
structures of J- which come from the Sasakian metric. 

We denote the tangent bundle of J" by TJ^. By the integrability of -F, the Lie 
bracket on C°° (TM) induces the Lie derivative with respect to vector fields tangent 
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to the leaves 
(5) 

(r s \ f ^ * 

(g)(TM/T7-) (g) (g)(TM/T7-)* ^ C°° (^{TM/TT) l^{TM/TT)* 

for every nonnegative integer r and s. 

Definition 2.2 (Basic vector fields). A local section X ofTM is basic with respect 
to TT if \Y, X\ is a local section of TT for every local section Y of TT . A local 
section X ofTMjTT is transverse with respect to T if [1^,^] = m TMjTT for 
every local section Y of TT. 

Definition 2.3 (Foliations with transverse structures). (i) A pair of a folia- 

tion T of M and an element I of A.ui{TM/TT) is called a transversely 
holomorphic foliation on M if 

(a) P = ~ id, 

(b) Czl = for every Z in C^{TF) and 

(c) the Nijenhaus tensor [I, I] {X, Y) = [IX, lY] - I[IX, Y] - I[X, lY] - 
[X, Y] of I vanishes on any local transverse sections X and Y of 
TM/TF. 

(ii) A pair of a foliation F of M and an element g of C°° {{TM/TF)* ® 
{TM/TF)*) is called a Riemannian foliation on M if 

(a) g is symmetric, positive definite and 

(b) Czg = for every Z in C°°{TF) 

(iii) A triple of a foliation F of M, an element I of Aut{TM/TF) and an 
element g of C°°{{TM /TF)* 'S>{TM /TF)*) is called a transversely Kdhler 
foliation on M if 

(a) {F, g) is a Riemannian foliation, 

(b) {F, I) is a transversely holomorphic foliation and 

(c) the tensor field co defined by ijj{X,Y) = g{X,IY) is antisymmet- 
ric and closed when regarded as a 2- form on M by the injection 

{TM/TF)* — y A^T*M. 
For a transversely holomorphic foliation {F, I) on M, we call I the complex struc- 
ture of {F,I). For a Riemannian foliation {F,g), we call g the transverse metric 
of {F,g). For a transversely Kdhler foliation {F,I,g), we call the above 2-form co 
the transverse Kdhler form of{F,I,g). 

We will regard the transverse Kahler form w of a transversely Kahler flow as a 
2-form on M by the injection {TM/TF)* — > A^T*M throughout this article. 

We recall the definition of the isometricity of a Riemannian flow {F,g) on M. 

Definition 2.4 (Isometricity of Riemannian flows). A Riem,annia,n flow {F,g) is 
isometric if there exists a pair of a Riemannian metric g on M and a nowhere 
vanishing vector field ^ tangent to F such that the flow generated by ^ preserves g. 
We call {g, S,) a Killing pair on F. A m,etric g on M is called a Killing m,6tric on 
{M,F), if there exists a vector field ^ such that {g,^) is a Killing pair on F. 

We recall also 

Definition 2.5 (Geometrically tautness). A foliated manifold {M,F) is geomet- 
rically ta,ut if there exists a Riemannian metric g on M such that every leaf of F 
is a minimal submanifold of {M, g) . Such metric g is called a minimal metric on 
{M,F). 
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By the following lemma due to Carriere in [8] , the isometricity is equivalent to the 
geometrically tautncss for oriented Riemannian flows: 

Lemma 2.6. Let (M,J-) be a closed manifold with an oriented Riemannian flow. 
Then a minimal metric g is Killing if and only if g is bundle-like. 

Recall that a metric g on (M, J^) is bundle-like if the metric induced on TM/TT 
from {TJ')^ is a transverse metric. By a theorem of Molino and Sergiescu [57] or 
a theorem of Masa [55], the isometricity of Riemannian flows is equivalent to the 
following cohomological property: 

Definition 2.7 (Homological orientability) . A Riemannian foliation of codimen- 
sion n is homologically orientable if the basic cohomology group HJ^{M/J-') of degree 
n is nontrivial where 

This terminology is due to El Kacimi [1.2,. We refer El Kacimi and Hector [13] for 
the basic cohomology of foliated manifolds. 

By the last sentence of Section 6.4 of Blair [5] or Proposition 6.5.14 of Boyer and 
Galicki 5 , 

Lemma 2.8. A pair of an integrable CR-structure (H, J) and a K -contact form rj 
such that H — keirj determines a Sasakian metric on M. 

From this Lemma 12.81 we obtain the following: 

Lemma 2.9. The underlying Riemannian flows defined by the orbits of the Reeb 
vector fields of Sasakian manifolds are isometric and transversely Kdhler. 

Indeed, let {M,g,ri) be a Sasakian manifold determined by a pair of an integrable 
Ci?-structure {H, J) and a i^T-contact form 77 such that H — ker 77. We write ^ for 
the Reeb vector field of rj. Let J' be the flow generated by Here {g, ^) is a Killing 
pair on because ^ is the Reeb vector field of 77 which is if-contact by Lemma 
12.81 Futaki, Ono and Wang proved that J- has a transversely Kahler structure in 
Section 3 of [H]. 

We have the following characterization of Sasakian metrics in terms of flows with 
transverse structures: 

Lemma 2.10. A pair of a transversely Kdhler flow {J-,I,g) and a contact form rj 
determines a Sasakian structure on M if drj = uj where uj is the transverse Kdhler 
form of {T,I,g). 

Proof. By Lemma [2?8l it is suffices to show that a pair of a transversely Kahler flow 
{J-,I,g) and a contact form 77 determines a pair of a Ci?-structure and a contact 
form in Lemma [2. 8 1 We put H — ker 77. 

We show that 77 is if-contact. Let ^ be the Reeb vector field of 77. Then, 77 
is tangent to kerw — TJ-. Since the flow generated by ^ preserves the transverse 
metric of and a orthogonal plane field H, the flow generated by ^ preserves a 
Riemannian metric on M . Hence 77 is i^T-contact. 

We denote the restriction of the canonical projection TM — > TM/TJ' to H by 
IT. Putting J{X) = TT^^ 0/0 TT, we have a Ci?-structure {H, J) on M. We will show 
that {H, J) is integrable. For local sections X and Y of H, we have 

(6) i77([X, Y] - [JX, JY]) = di^iX, Y) - dTj{JX, JY) 
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hy H — ker?7. The right hand side is trivial, because drj is a transverse Kahler form 
which is J-invariant. It foUows that [JX, JY] — [X, Y] is a local section of H for 
any local sections X and Y. This proves the first half of the integrability condition. 
We will show that the Nijenhaus tensor 

(7) NiX, Y) = [JX, JY] - Ji[JX, Y] + [X, JY]) - [X, Y] 

vanishes for any local sections X and Y of H. Fix a point x on AI. Take two vectors 
Xq and Yq in Hx- We have an open neighborhood Wx such that (14^2:, J^lw^ , /|vi/^) 
is isomorphic to (E™ x B'^,J^std,Istd) as transversely holomorphic foliations by a 
result of Gomez Mont [T^. Here (R™ x B", J^gtd, -^std) is the standard transversely 
holomorphic foliation defined by a decomposition R™ x _B" = U^gsnM'" x {z}. We 
can assume that x is identified with {0} x {0} in R™ x B". We take a transversal 
S" of in Wx so that S" is identified with {0} x B". We denote the projection 
Wx — > S along the leaves by 0. We consider vectors (j)^.XQ and 0*lo in TqB". 
We can take linear vector fields Xb" and Yb" on so that {Xb")q = 4>*Xo and 
(^B")o = (f>*Yo- Since and Yb™ are linear, their flow preserves the complex 
structure / on B". Thus we have 

(8) Cx^,J = 0, Cy^^I^O 
Moreover we have 

(9) [XB",rB"] = o. 

We take basic sections X and Y oi H\w^ so that — (f)^X and Yg" = 0*Y. We 
have = Xo and = Fq- By ©, [X,Y] is tangent to -F. By (O and we 
have 

(10) MX,JY] = [XB'^JYBn] ^ (£x^„/)yB. +/[XB",li3,.] = 0. 

Thus [X, jy] is tangent to J^. Similarly, [X, JY] is tangent to J^. Thus we have 

(11) J{[JX,Y] + [X,JY])=0. 
Hence we have 

(12) NiX,Y)^[JX,JY]~[X,Y]. 

It follows that N{X, Y) is a local section of H. On the other hand, by the integra- 
bility of /, we have 

(13) ^,N{X,Y) = [IXBr^,IYBn]-Ii[IXB'^,YBn] + [XB^JYBr.])-[XBr^,YBr.]=0. 
Thus N{X, Y) is tangent to J". Hence we have N{X, Y) = 0. □ 

2.3. Families of flows with transverse structures. Let U be an open set of 

Definition 2.11. (i) ^ smooth family of flows on M over U is a flow J^™^ 

on a smooth manifold M x U such that M x {t} is saturated by the leaves 
ofjramh y^r^ denote the restriction of T"""^^ to M x {t} by . We will 
denote such family of flows on M by {J-*'}t£U- 
ill) For a smooth family {J^*}tg[/ of flows on M , the kernel of the differential 
map of the second projection W2 ■ T{M x U)/TT'''^^ — > TU is called the 
family of normal bundles of {J-^}teu . 
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(iii) A smooth family of Riemannian flows on M is a pair of a smooth family 
of flows J^* and a smooth metric g™*^ on the family of normal bundles of 
{J-'^}t£u such that (-^*, g™^|Mx{t}) a Riemannian flow on M for each 
t in U . 

(iv) A smooth family of transversely holomorphic flows on M is a pair of a 
smooth family of flows {J-'*}t^u and a complex structure on the family 
of normal bundles of {J-^}t^u such that (^*, Z^'^lAfxft}) 'is a transversely 
holomorphic flow on M for each t in U . 

A smooth family of transversely Kahler flows on M is similarly defined. 

3. Basic Euler classes of transversely holomorphic isometric flows 

3.1. Basic Euler classes of isometric flows. Let {J^,g) be an isometric Rie- 
mannian flow on a closed smooth manifold M . We recall the deflnition of the 
basic Euler classes of {M,F). We denote the space of basic fc-forms on {M,F) by 
nl{M/F). We denote the basic cohomology of (M, J") by Hl{M/F). We refer 
El Kacimi and Hector [13] for basic forms and basic cohomology of Riemannian 
foliations. 

Deflnition 3.1 (The basic Euler class of isometric Riemannian flows, Saralegui 
P2)). Let {g,C) be a Killing pair on T. We define a 1-form r] on M by r](Y) = 
5(5, Y). Then drj is a basic 2-form on (M, T). The basic Euler class ofT is defined 
by [drfi in H'^{A'I j J-) up to multiplication of nonzero real numbers. 

Saralegui [32] proved that the basic Euler class of F depends only on the smooth 
type of the flow J" (see Royo Prieto [30] for basic Euler classes extended to general 
Riemannian flows). 

If is an isometric flow defined by fibers of a circle bundle, the basic cohomology 
of coincides with the de Rham cohomology of the base manifold. In this case, 
the basic Euler class of F coincides with the Euler class of the circle bundle up to 
multiplication of real numbers. 

3.2. J^-fibered Hermitian vector bundles and basic Dolbeault cohomol- 
ogy. Let M be a smooth (2n + l)-manifold. We recall the notion of J^-fibered 
Hermitian vector bundles on foliated manifolds (M, !F) . In this paragraph, we use 
the complex number field as the coefficient ring of differential forms. 

Let {J-, I) be a transversely holomorphic foliation of real dimension m and com- 
plex codimension n on a closed manifold M. Let _B" be the unit ball in C". Let 
(J-'std, -^std) be the standard transversely holomorphic foliation on M™ x B" de- 
fined by a decomposition x = UzgS"^"' x {z}. At each point x on Af, 
we have an open neighborhood Wx such that (W^, , /Ivi^^ ) is isomorphic to 
(R™ X i?", J^3td, ^std) as transversely holomorphic foliations (see Gomez Mont jJIj). 
We take finite points {xj} so that M = UjWxj- We denote the composite 

(14) Wx^ — > M™ X — > 

by (f>j where the second map is the second projection. 

Deflnition 3.2 (Basic (p, g)-forms and J^-fibered vector bundle). (i) A differ- 

ential form a on M is a basic (p, q)-form on {M, J-) if there exists a (p, q)- 
form j3j on B" such that a\w^. — 4>*jPj for every j. 
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(ii) A Hermitian vector bundle {E, He) on M is J-'-fibered if the restriction of 
(E, He) to Wxj is a pull back of a Hermitian vector bundle {Eb^^, ^S") on 
_B" for every j. An J--fibered vector bundle is holomorphic if the transition 
functions are pull back of holomorphic functions on Wxj ■ 

These notion are independent of the fohated atlas {W^;^}. Basic {p,q)-ioTTas with 
values in E are similarly defined. This J^-fibered Hermitian vector bundle is J-- 
fibered in the meaning of El Kacimi |T2|. We denote the space of basic (p, g)-forms 
on (Af, J",/) with values in E by nl'\M/T,E). 

Let {E, He) be an J^-fibered Hermitian holomorphic bundle on {M, T). A differ- 
ential operator Oe- fll''^{M/T,E) — > f]f'«+^(M/jr, £;) is defined by the formula 

(15) (dEa)\w.^ = 0* (Oes^ ( E ® ) = '^K ^ ^^^"^^^ ® 

i i 

for a in il^''' {M / T , E) where Si is a local holomorphic section of Eb", and a 
is written as (3\w^- = 'l>j{J2il^i ® ^i)- Then (f2^''(Af/J', E'), 9_b) is a differential 
complex. We denote its cohomology by Hi* {M / F , E) . This Hl'*{M/F,E) is 
called the basic Dolbeault cohomology of {F, I) with values in E. 

We remark about the cohomology of the sheaf fi^ of basic holomorphic p-forms 
on (M, F) with values in E. If the leaves of F are not closed, the sheaf of (p, q)- 
forms with values in E may not be acyclic. Hence we may not have an isomorphism 
Hl'^{M/F,E) between m{M,Vtl ® E). Here the situation is different from the 
case of complex manifolds or orbifolds where we always have H^'' {M/ F, E) ~ 
Hi{M, nl(g)E). 

3.3. The (0, 2)-component of the basic Euler class of transversely holomor- 
phic flov^rs. Let M be a closed smooth manifold. Let {F,g,I) be a transversely 
holomorphic Riemannian flow on M. We assume that (F, g) is isometric with a 
Kilhng pair {g, £_). Let 77 be the characteristic form of F defined by r]{X) — g{^, X). 
Then the basic cohomology class of drj is the basic Euler class of (M, F). Note that 
the (0, 2)-component {dr])^'"^ of drj is 9-closed, because d{dr])^''^ = {ddri)^''^ = 0. 

Definition 3.3 (The (0, 2)-component of the basic Euler class). We define the 
(0,2) -component of the basic Euler class of{F,g,I) by [{drj)^''^] in H^' (M/F) 
up to multiplication of nonzero real numbers. If the (0,2) -component of the basic 
Euler class of (F, g, I) is trivial, we say the basic Euler class of (F, g, I) is of degree 

(1,1)- 

We show the following lemma in a way different from the argument of Saralegui 
to show the well-definedness of the basic Euler class in 32_ . 

Lemma 3.4. The (0, 2)-component of the basic Euler class is well-defined for (F, I) 
up to multiplication of nonzero real numbers. 

Proof. Let (51,^1) and (52,^2) be two Kilhng pairs on {M,F). Let rjj be the 
characteristic form of {M,F,gj) for j — I and 2. By Lemma [73] there exist a real 
number r and a diffeomorphism / of M which maps each leaf of F to itself, isotopic 
to the identity and satisfies rjilrj^ — ?'/*(?72|tj^). This implies that = r^2. 
Here r]i — rf*r]2 is a basic 1-form by (771 — rf*ri2)\TT — and (771 — rf*r]2) = 0. 
Thus we have i9((r7i — rf*r]2)°'^) = (drji)^''^ — rf*{dri2)^'^ ■ Since / is isotopic 
to the identity as a diffeomorphism which maps each leaf of F to itself, we have 
f*[idm)n=r[idr„r'% □ 
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Obviously if the basic Euler class of {J^^g,I) is of degree (1, 1), then there exists a 
basic l-form /3 such that d{r} + /?) is a basic (1, l)-form on {F, I). 

By Lemma 12.101 the underlying transversely holomorphic Riemannian flow of a 
Sasakian manifold is transversely Kahler. Moreover the basic cohomology class of 
the transverse Kahler form is the basic Euler class of the flow. Hence we have 

Lemma 3.5. The basic Euler class of the underlying transversely holomorphic 
isometric Riemannian flows of Sasakian manifolds are of degree (1,1). 

4. Existence of extensions of Sasakian metrics 
We prove Theorem ll.il 

Let (M, T, I, g) be a closed manifold with a transversely holomorphic Riemann- 
ian flow. We assume that g is /-invariant. Let {§,£,) be a Killing pair on such 
that the transverse component of g is equal to g. Let 77 be the characteristic form 
of {M,T,g). Put H = keirj. We denote the restriction of the canonical projection 
TM — > TM /TT to H by tt. We have a Ci?-structure {H, J) putting J = tt^^ o/ott. 
We extend J on TM ^ C linearly. Let H^'^ (resp. i/^'°) be the vector subbundle 
of TM (E) C whose fibers are (— i)-eigenspaces (resp. i-eigenspaces) of J. 

The coefficient ring of differential forms is C in this section. By the decomposition 
TM (g) C = H^'° ® i/°'i ® {TT (g) C), we define a triple grading on n*{M) as 
nh,j,k = C°°(A^(Fi'°)* (g) AJ(i/°'i)* (g) a'=(TJ" g) C)*). We can decompose the 
differential d as 

(16) d = do,o,i + do, 1,0 + rfi,o,o + ^0,2,-1 + 0^1,1,-1 + ^2,0,-1 

where the subscripts correspond to the triple grading of n*{AI). Note that the basic 
(p, (7)-forms can be embedded to ^p,q,o- The restriction of do, 1,0 and di,o,o to basic 
Dolbeault complex are equal to d and d, respectively. We consider a differential 
operator D = d — Here is a differential operator of degree 0. Indeed, 

is written as 

di^i,^ia{Xi, . . . , Xh-i,Yi, . . . ,Yj+i) = 

on ^h,j,i where Xg is a section of and Yt is a section of i/"'^ for each s and 
t. Thus satisfies di,i,-i(/Q:) = /di.i,-iO for any smooth function / on A/, 

which means that di,i,-i is a differential operator of degree 0. Note that is 
the zero map on ftj.k,o- Hence the symbol of D is equal to the symbol of d. Let D* 
be the adjoint of D with respect to the inner product on n'{M) defined by g. We 
put 

(18) Ad = DD*+D*D. 

Then Ad is a self-adjoint strongly elliptic operator, because the symbol of A is 
equal to the symbol of the Laplacian of d. Since g is /-invariant, the complex 
conjugation of the Hodge star operator * maps ^j,k,h to Qn-j,n-k,i-h where 2n is 
real codimension of F. We have D* = —TDT integrating the formula 

(19) d{ai A *a2) = Dai A *a2 -|- {-l)''ai A D^a^ 

for ai in VL^{M) and as in VL^+'^{M). 

Let H|, be the space of Au-harmonic fc-forms on M . A fc-form a on M is 
Au-harmonic if and only if Da = and D*a = 0. Let be the space of basic 
harmonic 1-forms on (A/, g) . 
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We will use the complex conjugation of the basic Hodge operator *b : ^\{M/ T) 



ilj," {M I T) determined by g where 2n is the codimension of F. According to 
Kamber and Tondeur [53] , we define an inner product (•, •) on Vl^{M /F) by 

(20) (ai,a2) = / r|^a^*^,p 

J M 

for and a2 in Vt^(M/F). 

Lemma 4.1. Assume that there exists a real 1-form on M such that 

(a) : C is the characteristic form of a Killing metric on {M,J-), 

(b) : m = 1, 

(c) : dC, is of degree (1, 1, 0) and a symplectic form on TM/TJ- and 

(d) : — 77) is d-closed. 
Then we have 

(i) DC = 0, 

(ii) = and 

(iii) we have a direct sum decomposition = © CC- 

Proof. We show (i). By the Rummler's formula (see the second formula in the proof 
of Proposition 1 in Rummler [31] or Lemma 10.5.6 of Candel and Conlon 7J), b^dC, 
is the basic mean curvature form of (M, with respect to the characteristic form 
C. Thus L^dC, is zero by the assumption (a). It follows that dC, is a basic form. Thus 
dC, is written as a sum of a (2, 0, 0)-form, a (1, 1, 0)-form and a (0, 2, 0)-form. Since 
dC, is of degree (1, 1, 0) by the assumption (b), we have dC, = di^i^oC- Thus we have 
DC = 0. 

We show (ii). Since drj is also basic in the same reason as dC, we have i(^d{C, — 
if) = 0. We have /.^(C — ??) = 0, because C(^) = 1 by the assumption (b). It 
follows that C — 77 is basic. By Equation 2.11 of Kamber and Tondeur [23], we have 
*a = ( — 1)^^77 A *hct for a basic fc-form a.. Thus we have 

(21) *C = + — r/) = *?7 — ?7 A h{C — v)- 

The differential of the first term is 0, because *77 is a basic volume form on (M, J-) 
by Equation 2.8 of Kamber and Tondeur [23.. Since Dr/ = by (i), Drj A *b{C ~ v) 
is zero. By the last assumption, 77 A D*b{C — v) is zero. Note that the restriction of 
D on basic forms coincides with the differential d. It follows that d*C, = 0, which 
implies D*C^O. 

We show (iii). Let a be a A/j-harmonic 1-form on M. We can put a — f3 + fC 
for a section /? of {{TM (g) C)/C^) and a smooth function / on M . By (i) and the 
_D-closedness of a. We have 

(22) Q = D{P + fC)=D(3 + {Df)hC. 

Since di.i,--i is zero on r2j,fc,o, we have DjS = dp and Df = df. Thus we have 

(23) d/3 + d/ A C = 0. 

Differentiating (l23l) . we have df Ad^ — 0. Since d^ is a symplectic form on TM/TT, 
the map A{dC)x ■ T*M — > A^T*M is injective for each point x on M. This implies 

(24) df = 0. 
By ^ and ([Ml), we have 

(25) d/3 = 0. 
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By (ii), (|2T|) and _D*-closGdness of a, we have 

(26) = £»*(/? + /C) = -TD-^fi -*D{f*Q = -*L>*/3-*i:>(/(*?7-ryA*6(C-ry)). 

Since is a zero map on i^j.^.o, we have c?i_i^_i*/3 = 0. Thus we have D*/3 = 

By (p4|) . is a basic volume form. Thus we have D{f*r]) = 0. By Dvy — 0, 
we have f{Dri) A — 77) = 0. By assumption (d), 77 A D*b{C ^ v) = ^- Thus we 
have 

(27) ci*/3 = 0. 

Thus we have a = f3 + where /3 is a basic harmonic 1-form and / is a constant 
by (IMl), (Ell) and (EH). This proves (ii). □ 

We recall a result in Nozawa 29 : 

Theorem 4.2. Let T be a connected open set of and {J'*}teT be a smooth 
family of Riemannian flows on a closed manifold. Then one of the following two 
cases occurs: 

(i) For every t in T, is isometric. 

(ii) For every t in T, is not isometric. 

Let T be an open neighborhood of in M^. Let {(J^*, /*, g*)}teT be a smooth fam- 
ily of transversely holomorphic Riemannian flows on AI. Assume that {J-^, l'^ ,g^) 
has a compatible Sasakian metric g. 

Proposition 4.3. // the basic Euler class of J-^ is of degree (1, 1) for every t in T , 
then there exist an open neighborhood V of Q in T and a smooth family {g^}tev of 
Riemannian metrics on M such that 5* is a Sasakian metric compatible to (J^*,/*) 
for every t in V and cf = g. 

Proof. We extend the smooth family of transverse metrics {g*}teT to a smooth 
family of Riemannian metrics {g'^}t<^T on M so that g'* is bundle-like with respect 
to and g'^ — g. Let k* be the mean curvature form of {AI , J^* , g'*) . We define a 
1-form ry* by r)\Y) = g'*ii\Y). 

We show that there exists a minimal metric on (M, J^*) such that the or- 
thogonal plane field of TT* is a contact structure for t in V. Only in this para- 
graph, we will use a double grading of real de Rham complex r2*(M) determined 
by the splitting TAI = (ker?]*) © TJ^* instead of the triple grading above. We put 
A* ,^ = C°°(A-''(ker?7*)* a'=T*J'*). Then n'{M) is decomposed as 

(28) n'iAI) = (BjMik 

for each t. The differential d and its formal adjoint 5* are decomposed as 

(29) d = dl, + dl, + dl_„ 5' = Sl_, + + 

where the indices correspond to the double grading of U,*{M). By Theorem 14.21 
(M, J^*) is isometric. By a result of Carriere [8J, the isometricity of (Af, 7^*) is 
equivalent to geometrically tautness of (A/, J^*) (see Lemma l2.6p . According to 
Proposition 4.3 and Equation 5.3 of Alvarez Lopez [T], k* is contained in the image 

of (5o _i+di.o- ^i,i®^o,o — ^^1,0- By the continuity of 1-^4,0 : ^i,i®^o,o — ^ 
A\q^ we can choose an element /?* of A\ ^ and a smooth function /* on M which 

satisfy = Sq + d\ Qf* so that /3* is sufficiently close to 0. We modify the 
orthogonal plane field {TT*)^ by /3* and modify the metric g'*\Tj^®TT along leaves 
by /* to obtain a minimal metric g* according to Proposition 4.3 and Equation 5.3 
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of Alvarez Lopez [T]. Since /?* is close to 0, the orthogonal plane field of TJ^* 
with respect to g{ is close to {TJ^'^)-^. Since the space of contact forms are open in 
ri^(M), a plane field sufficiently close to a contact structure on a closed manifold 
is a contact structure. Thus is a contact structure, satisfies the condition. 

We show that there exists a 1-form on (M, 7^*) which satisfies the conditions 
(a), (b), (c) and (d) in Lemma [4.11 for t in V. Fix a point t on V. Let 6* be the 
characteristic form of {M, J^*^ , g*). Since the (0, 2)-component of the basic Euler 
class is trivial by the assumption, there exists a basic (0, l)-form a such that da = 
(d^*)"'^. We consider cr + ct as a real 1-form on M. By the Hodge decomposition of 
basic de Rham complex (see El Kacimi and Hector [13] or Alvarez Lopez [1]), we 
can take cr + in the image of the adjoint operator dl : ^1{M/T^) — > fll{M/T*) 
of d on f2'(A//7^*). We put ('^ — 9* — {a + By the argument of the previous 
paragraph, ker6'* is a contact structure. We can take small a so that ker^* is also 
a contact structure. Then d(* is a transverse symplectic form on TM/TF* . The 
conditions (a), (b) and (d) are satisfied. We have 

(30) d{e' - (a + n)) = {dO'f'^ - {da + da). 

Thus d^* is a real closed basic (1, l)-form. Since t is sufficiently close to 0, we can 
take a sufficiently close to 0. Then is nondegenerate, because d9* is nondegen- 
erate. Thus C* satisfies the condition (c). 

We consider a differential operator l^nit) on {M,J^) as above using a splitting 
TM = (7J*)i^o ® (H* f'^ © (TJ"* ® C) determined by i?* and /*. Let ll\){t) be the 
space of AD(t)-harmonic 1-forms. Let H^(t) be the space of basic harmonic 1-forms 
on (M, T). By the consequence of the argument of the previous paragraph, ( J"*, /*) 
satisfies the assumption of Lemma 14.11 By Lemma 14.11 we have dim {t) = 
dimH^(i) + 1. We show that dimH]-){t) is constant with respect to t. It suffices to 
show dimiJj^(M/7^*; C) = dim {M ; C) . By the Gysin sequence of the isometric 
flow (see Saralegui j32j), we have 
(31) 

^ Hl{M/T';C) ^ H\M; C) ^ i/,"(A//^*; C) HUM/T'-C) - 

Recall that L* is given by the wedge product with the basic Euler class [dry] (see [22] )■ 
Since dO^ is a transverse symplectic form, [cZ^*]" is nontrivial in _ff^"(M/J^*; C). 
Thus [dO*] is nontrivial in H^{M/ T;C). By the exact sequence pil) . we have 
dimiJi(Af;C) = dim (M / ; C) . 

Since the dimension of H]-,(i) is constant with respect to t by the consequence 
of the previous paragraph, the projection F* : il^{M) — H]j(t) maps a smooth 
family of 1-forms to a smooth family of 1-forms by Theorem 5 of Kodaira and 
Spencer [24]. Putting tu* = F*{t]'^), we have a smooth family {va*}t£v of Anit)- 
harmonic 1-forms such that — F'^{t]^) — rf . We show that dw^ is a basic 
(1, l)-form. By Lemma I4TT1 w is a sum of a basic 1-form and C*. Thus dw* is basic. 
By the D-closedness of ro*, we have dtn* = di^ifi{t)w* . Thus dw* is of degree (1,1). 
Putting Re = " , we have a smooth family Rew* of real 1-forms such that 
the differential is a basic (1, l)-form. Since drf is nondegenerate, Rew* is also 
nondegenerate for t in V . By Lemma I2.10[ a pair of a transversely Kahler flow 
(J-"* , /* , d Re tn*) and a contact form Re tn* determines a Sasakian metric on Af . □ 

Theorem [TTTj directly follows from Proposition 14.31 
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5. Stability of K-contact structures 

Theorem 11.51 is proved by an argument analogous to the proof of Theorem 11.11 
We describe the outhne here. We use real de Rham complex here. We use the 
double grading n*{M) = ®j,kA*j. of Sl'(M) as (US]) instead of the triple grading. 

We use the operator D = di, + ^0,1 instead of D above. We put = D*D + DD*. 
This is self-adjoint strongly elliptic operator as D. The lemma corresponding 
to Lemma 14.11 is as follows: Let (M, J^) be a closed manifold with a Riemannian 
flow. Let be the space of A^-harmonic 1-forms. Let be the space of basic 
harmonic 1-forms on {M,T). 

Lemma 5.1. Assume that there exists a 1-form C on M such that 

(a) : C is the characteristic form of a Killing metric on {M,J-), 

(b) : m = 1, 

(c) : dC, is of degree (2,0) and a symplectic form on TM/TJ- and 

(d) : *b(C ~ '7) is d-closed. 
Then we have 

(i) DC = 0, 

(ii) D*C = and 

(iii) we have a direct sum decomposition H-^ = ® M^. 

6. Kodaira-Akizuki-Nakano vanishing theorem for transversely 

Kahler foliations 

We prove Theorems II. 21 and II. 31 

We recall basic notion of Lefschetz theory for basic forms. In this section, we 
follow the notation of the book by Huybrechts [22] basically. Let {J-, I) be a complex 
codimension n transversely Kahler foliation with transverse Kahler form uj. At each 
point X on M, we have the Hodge star operator 

(32) H^,: a'= {T^M/T^TY A^''-\T,M /T^T)* 

determined by the transverse metric on T^MfT^T. A basic fc-form on (M, J^) 
can be considered as a section of a''{T* M /T* T). Thus we have the basic Hodge 
operator 

(33) *b : {M/F) -^172"-'= {M/T) 
Composing *b with complex conjugation, we have 

(34) *b : ^1'%MIF) n'^-P^''-''{M/T). 

Let {EjHe) be an J^-fibered Hermitian holomorphic line bundle over {M,F). Let 
be the Chern connection of {E, He)- Recall that the (0, l)-component = Oe 
of V is characterized by the formula (fT5|) by the definition. We denote the (1,0)- 
component of V by . Let 

(35) h: E — >E* 

be a C-antilinear isomorphism defined by h[s) = He^s, •) by the Hermitian met- 
ric He- The complex conjugation of the basic Hodge star operator on the basic 
Dolbeault complex with values in E 

(36) H,E ■■ nl'\M/T, E) nl-^^''-\M/F, E*) 



DEFORMATION OF SASAKIAN METRICS 



15 



is defined by *b,Eict (E> s) = *hQ; h{s) for sections of the form a (g) s where a is 
a basic (p, q)-form and s is a local holomorphic section of E. We define the basic 
Lefschetz operator 

(37) L : {M/F, E) ^1^+^ (M/ J", E) 

by La = a A w. 

Let A be the wedge product defined by the composite of 
(38) 

nl\M/F, E) X n'^-^^^'-^MIF, E*) n]^'"iM/T, E ® E*) ^ ^^''{M/F) 

where the second map is induced by the coupling map E ® E* — > C. 

We assume that (M, F) is homologically orientable in the sequel. We define an 
inner product on r2*(M/J^, E) under the assumption of homologically orientability 
following the argument of El Kacimi and Hector in Section 4.5 of [13] (see also El 
Kacimi ^V3). Let p: — > M be the orthonormal frame bundle of the normal 
bundle of F. Let tt: — > W be the basic fibration. Let Xi, X2, . . ., 

2 

be the vector fields on M which generate the free action of S0(2n) on M^. Let 6i 
be the basic form which is the dual of Xi. We define a "'-"^""'^•' -form x on by 

X = 6*1 A 02 A • • • A 6> ,i(n-i) . If W is orientable, an inner product (•, •) is defined by 

2 

(39) (ai,Q;2)= / l{p*{aiA*b,Ea2) /\x) 

JW 

for two elements ai and of ni{M/F,E). Here I: n^{M/F) — > n''-''{W) is 
the integration along fibers of tt defined under the assumption of the homologically 
orientability of F by Hector and El Kacimi (see Proposition 3.2 of ^3j). This I 
commutes with d as shown there. If W is not orientable, the orientation cover of 
W can be used to define an inner product in the same equation as ([M)) . In what 
follows, we also assume that the orientability of W for the simplicity. 



Lemma 6.1. We h 



ave 



(40) / I(p*(aai Aaa) Ax) = (-1)^+M X(p*(ai A Saa) A x) 

JM JM 

for ai m Vtl''''^ {M / F) and az in ^I'^^'^^'^iM / F). We have 

(41) / l(p*(V^ViA/32) A x) = (-1)^+' / X(p*(/3iAV^?/32) A x) 

JM JM 

for I3i in nl~'^''^{M/F,E) and ^2 in 17p^'"^'^(M/ J", £;*). 

Proof. By local computation, we have 
(42) 

d(/9*(a]_Aa2) Ax) 

= (p*(9ai A a2) A x) + (-1)^+^-1 (p*(ai A da^) A x) + (-1)'"-^ (p*(ai A ^2) A dx). 

and 
(43) 

d(p*(/3iA/32)Ax) 

= (p*(V^°/3iA/32) A x) + (-l)f+''-i(p*(/3i A V^?/32) A x) + (-l)2"-i(p*(/3i A /S^) A dx) 

The argument in Proposition 4.6 of El Kacimi and Hector [iSj or Section 3.2.4 of 
El Kacimi [12] imply that the third terms of the right-hand sides of (|42|) and ([43|l 
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are zero. Composing X and integrating on W both sides of (j42|) and (|43|) . we have 
(|40| and dH]). □ 

We denote the formal adjoint of a differential operator V on E with respect to 

As in Proposition 2.7.5 of El Kacimi p^, (p,l{M/J',E), (•, •)) is isomorphic to 
the space of global sections of a Hermitian vector bundle E over W as Hermitian 
vector spaces. By Propositions 2.7.7 and 2.7.8 of El Kacimi 12!, ds induces a 
strongly elliptic differential operator on E. The formula (PU]) in Lemma [01 implies 
that the formal adjoint d*^ of Oe is given by = —{*b,E')dE{*b,E)- Hence this 
argument of El Kacimi proves that the Hodge decomposition theorem holds for 
basic Dolbeault complex with inner product (•, •): 

Theorem 6.2. There is an orthogonal decomposition 

(44) nl'^iM/T, E) ^ ker A^^ © Im^B Im^^ 

with respect to the inner product (•, •) where Ag^ ~ OeQe + QeOe- 

Hodge decompositions for d and d on H.' ^{M/ F) imply the following 99- lemma 
as in the case of Kahler manifolds (see Corollary 3.2.10 of Huybrcchts [22 ): 

Corollary 6.3. Let {M,J-) be a closed manifold with a homologically orientahle 
transversely Kdhler foliation. Let a be a d-closed basic {p, q)-form on (Af, J-). Then 
the following conditions are equivalent: 

(i) There exists a basic (j> + q ^ l)-form /3 such that d/3 — a. 

(ii) There exists a basic {p, q — l)-form j3 such that 9/3 = a. 

(iii) There exists a basic (p — 1, q)-form j3 such that df3 = a. 

(iv) There exists a basic {p — 1, q — l)-form /3 such that 99/3 — a. 

By (HO]) in Lemma 16.11 the pairing A defined in ((55)) induces a product on basic 
Dolbeault cohomology 

(45) i/f«(A///^, E) X H'^-'P^'^-'^iM/T, E*) ^ C. 

By the Hodge decomposition Theorem 16.21 the Serre duality is proved as the case 
of complex manifolds (see Proposition 4.1.15 of [22)'): 

Theorem 6.4. The pairing (|45p is nondegenerate. In particular, there is an iso- 
morphism Hl'\M/T,E) ^ Hl'-P''^-\M/T,E*)*. 

We put A = L*. We have 

Lemma 6.5. (i) A — {*b.E*) L (*i,.e), 

(ii) {V'fY = -{H.E')^'EHn.E).^ 

Proof, (i) is easily proved by the definition, (ii) follows from (j41[) in Lemma |6. 11 □ 

Let {E, He) be an J^-fibered Hermitian holomorphic line bundle on (M, JF). The 
curvature form of the Chern connection of (E^He) is identified with a ba- 
sic 2-form on M by a natural isomorphism nKM/T) (g) End(£') = nl{M/T) 
C^{M/T, C) = nl{M/F). The positivity of {E, hE) is defined in a way similar to 
the case of line bundles on complex manifolds: 

Definition 6.6 (Positivity of J^-fibered complex line bundles). (EjHe) is positive 
if Fy is a transverse Kdhler form of {J-, I) for a transverse metric on (Af , F) . 
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The following proposition shows that the positivity of {E,hE) is determined only 
by the basic first Chern class [Fv] of E if we allow to change the metric. 

Proposition 6.7. // there exists a basic positive form uj such that [F^] ~ [uj] in 
H^{M/J-), then there exists a metric h'^ on E such that {E,h'^) is an J-'-fibered 
Hermitian holomorphic line bundle whose curvature form is uj . 

Proposition 16.71 follows from Corollary 16.31 as in the case of Kahler manifolds (see 
the last paragraph of the proof of Theorem 7.10 of Voisin [33]). 
We define the curvature operator 

(46) Fv : {M/F, E) — ^ ^1+^ {M/F, E) 
by Fy a = a /\ Fy . 

We recall the definition of basic (p, (7)-forms with values in E on (7\f, F). We use 
the notation in Section [3T2] Clearly the basic Lefschetz operator L and the basic 
Hodge star operator *t,,E satisfy 

(47) F0*/3 = (/)*Fb./3, {n.EW,P^cj,*{*Esr.)P 

for a differential form (3 on i?" where Lb^ is a Lefschetz operator on with 
respect to a; and ^Eb^ is a Hodge star operator on i?" with values in Eb^- We 
have the following formulas for any homologically orientable transversely Kahler 
foliations as well as the case of complex manifolds: Let A^^ — OeO^ + d^ds and 
Ayi,o — V^°(V]^°)* + (V]^") *V]^*'. We have the Nakano identity and Bochner- 
Kodaira-Nakano equality: 



Lemma 6.8. 

(48) 



AdE^dEA = -i{v'f,y. 
Ag^ = A^i^o +i[Fv,A]. 



Proof. We have 

(49) Ab^Oeb,. -dEur^AB^ = 

by the classical Nakano identity on i?", which is proved by a local argument on _B" 
where As- = *£;^„ ^ ^Bb^ (see Lemma 5.2.3 of Huybrechts '25|). Here (i) is proved 
by pulling back by 0^. 

(ii) follows from Lemma [6.51 and (i) (see 4.6 of Demailly lOj). □ 



Theorem 11.31 follows from Lemma 16.81 (ii) as in the case of complex manifolds (see 
Equation 4.10 of Demailly [TD] and Section 2 of Demailly [5]). 

The analog of Grauert-Riemenschneider's vanishing theorem [181 and Girbau's 
vanishing theorem [15| also follow from the Bochner-Kodaira-Nakano equality as in 
i- 

Theorem 6.9. Let (M, J-") be a closed manifold with a homologically orientable 
transversely Kahler foliation. Let (E^He) be an F-fihered Hermitian holomorphic 
line bundle on (M, F) . 

(i) [18] If F\j has rank at least equal to s at some point on X, then 
(50) H°'\M/F,E*) ^0 

for q < s. 
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(ii) [15] If has rank at least equal to s at every point on X, then 

(51) Hl\AI/T,E*) = 
for p + q < s. 

Definition 6.10 (Positivity of Sasakian manifolds). For a closed manifold M with 
a complex codimension n transversely holomorphic foliation (J-,I), the line bundle 
Kjr = fx^iTM /TFY'^* is called the canonical line bundle of{M,J-,I). The dual 
of the canonical line bundle is called the anticanonical line bundle. A Sasakian 
manifold is positive if the anticanonical line bundle of the underlying transversely 
Kdhler flow is positive. 

We refer Boyer, Galicki and Nakamaye f6^ for more detailed information on positive 
Sasakian manifolds. 

Even though we have Hodge decomposition Theorem 16.21 and Serre duality The- 
orem [6]4l the classical argument for complex manifolds does not work to show our 
TheoremO This is because i?^''(M/J") may not be isomorphic to m{M/T, Vtl). 
Indeed, the basic Dolbeault complex with values in E may not be an acyclic reso- 
lution when the leaves are not closed. We use Lemma [6.111 which allows us to avoid 
the sheaf cohomology of basic holomorphic forms. 

Let Kjr be the canonical line bundle of (M, F) . We fix a transverse Hermitian 
metric on [TM/TF) ® C. Let /i^^ be the Hermitian metric on Kjr induced from 
the metric on {TM/TF) ^ C. We recall a C-antilinear isomorphism 

(52) h: Kjr — > K*jr 

defined by h{s) — hxj^is, •). Note that the canonical line bundle (i^Tjr, ^k^) of F is 
an J^-fibered Hermitian holomorphic line bundle. Hence we can apply the argument 
in this section. Let H|^''^ be the space of basic harmonic (p, g)-forms. Let 'ii\''^{Kjr) 
be the space of basic harmonic (p, (7)-forms with values in Kjr. 

Let Ikj^ be the identity in YjXid{Kjr) — C°°{Kjr (g) K"^). We have natural maps 

(53) S: n'^^'^iM/F) n^^HM/F, K^) 



(54) e : r*;^^" [M/F) -^nl'' {M/F, K*^) 



defined by ^(ai A — a2® Oii and 8(02) — Ikj^ A a2 for ai in 57^' {M/F) = 
C°°{Kjr) and a2 in 17°''' (M/ J"). Clearly both of 6 and S are bijective. 

Lemma 6.11. 

(55) -(H^''') = -Rl\K^) 

(56) e«^) = H;-'(/^» 

Proof. We show We have H^'''' = ker^ n kerS* and lil'\Kjr) = ker^^^ n 
kerc?^^. Since 

(57) Sod = Okjf ° S> 

we have E{keid) = kercJxj^. 
We will show 

(58) S(kera*) =kera^^. 



DEFORMATION OF SASAKIAN METRICS 



19 



(60) 



Let a be an element of ker9 . By a result of Gomez Mont [17 , for each point 
X on M, we can take an open neighborhood W oi x such that i^^T\w ■,i\w) is 
isomorphic to the standard transversely holomorphic foliation on R™ x _B" defined 
by a decomposition M™ x _B" = Uxg^nR™ x {z} where B" is the unit ball of C". 
Since that ((58)) is a local formula, we can compute on W . We can write ol\w as 
o.\w = ^ Pj) where Sj is a section of Kjr\-^ which satisfies hKj,{sj, Sj) = 1 

for each j. By the definition of *b and h{sj, Sj) = 1, we have 

(59) *bl3j = (-l)"«sj A A /?,) 

for each j. Since h{sj, Sj) — 1, we have that Sj (g) h{sj) — 1^^. Then we have 

*f,,K^S(a) = H,K:f ( Ej ft- Si) 
= J2j*bl3j h{sj) 

= (-!)_"''( A *b(s, A /3,) ® h{s,)) 

= Ej*f.(sj A/3j-)A1k^ 

= *6Q; a 1k:f 

Since 1^^ is a holomorphic section of i^jr <E) K^, we have 
(61) 

9k^*6,x^S(q:) = AIk^^ +(-l)"(*6aAa(K^gK^)l_R-^^ = d{Ha) Al^^. 

Hence we have S(ker9 ) — keidj^^. 

We show in a similar way. It is easy to see 0(ker9) = kerc^i^^. We will 
show 

(62) e(ker9*) = kera^^. 

By a result of Gomez Mont [17], for each point x on M, we can take an open 
neighborhood of a; such that {W, T\w,I\w) is isomorphic to the standard trans- 
versely holomorphic foliation on R™ x B" defined by a decomposition R™ x B" — 
U^gB»iR™ X {z}. Since that (|62p is a local formula, we can compute on W. Then 
we can take a section s of Kjr | such that 

(63) a A 1 = a A s ® /i(s). 

By dnni) and (Uni), we have 

*6,ifj^0(a) = (a A l) 

= *6,K^ (a As(g) h{s)) 

(64) =*b(aAs)(8)s 

= E(s a *b(a A s)) 

Thus 0(ker9 ) = ker9;^^ follows from (|57|) and ()64p . because 

(65) 9j^j^(*fc,A'>)0(a) = i9Kj^S(*ba) = S(i9*6Q!). 

The proof is completed. □ 



Lemma 16.111 allows us to prove Theorem 11.21 by Theorem 11.31 without using the 
sheaf cohomology of basic holomorphic forms. 
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Proof of Theorem \1.2[ The underlying transversely Kahlcr flow of a Sasakian man- 
ifold is isometric. Hence the flow is homologically orientable by a result of Molino 
and Sergiescu 'TT . By the Kahler identity for homologically orientable transversely 
Kahler foliation by El Kacimi (see Section 3.4 of pjj), the complex conjugation 
gives an isomorphism 

(66) H^;'" = H°'f 
By Lemma [6. Ill it follows that 

(67) H°'P-H^'^(if». 

The last term vanishes if K'^ is positive and p > by Theorem 11.31 □ 

We remark on the other possibility of the inner product on the basic de Rham 
complex. Alvarez Lopez [1 proved the Hodge decomposition theorem for basic de 
Rham complex with respect to the inner product ((•, •)) defined by the restriction of 
the usual inner product of the de Rham complex. Note that the formal adjoint of d 
with respect to ((•,•)) is not given by the basic Hodge star operator as Lemma l6.5l 
The difference of the formal adjoint and —*b(l*b is given by the mean curvature form 
of (see Proposition 3.6 of Kamber and Tondeur [23 ). Hence Lemma [6.51 is not 
true in general for ((■, •)). To show Theorem 11.31 using ((•, •)), one can apply Masa's 
theorem in |25j for the existence of a minimal metric on homologically orientable 
foliations. Since the mean curvature form is zero for a minimal metric, the adjoint 
of d with respect to ((•,•)) is given by its conjugation of d by the basic Hodge 
operator. Then Lemma 16.51 are true for ((•,•)). Then the rest of the argument is 
the same as above. 

7. Moduli space of Sasakian metrics with a fixed underlying 

TRANSVERSE KAHLER FLOW 

We will prove Theorem II .61 

Let M be a closed manifold with a Sasakian metric with contact form 77. Let to 
be the underlying transversely Kahler flow. We define DifFo(£o) and Ham(4o) as in 
Section [T751 We describe the relation of Diffo({o) and Ham({o). Obviously we have 
an exact sequence 

(68) ^ Ham(«o) ^ Diffo(«o) H\M;R) 

where $ is defined by $(/) — [r/ — /*?/] for / in Diffo(lo)- Note that r/ — f*r/ is 
closed, because / preserves the transverse Kahler form drj. 

We will use the leafwise cohomology and the spectral sequence of foliated mani- 
folds (M, 7^) . A filtration of the de Rham complex of M is defined by in a way 
similar to the Leray spectral sequence of fiber bundles. The fc-th leafwise cohomol- 
ogy of (M, J^) is naturally identified with the i<^5'''^-term of this spectral sequence. 
For spectral sequence of foliations, we refer El Kacimi and Hector [T3] or Kamber 
and Tondeur [23] . 

In the sequel, Diffo(A/, J^) denotes the subgroup of Diff(A/) consisting of diffeo- 
niorphisms such that 

• / maps each leaf of J' to itself and 

• / is isotopic to the identity through diffeomorphisms which map each leaf 
of to itself. 

Note that DiSo{M,T) is a subgroup of Ham(lo). 
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Lemma 7.1. Let {M,J-) be an isometric Riemannian flow. Let rjj be the charac- 
teristic forms of {M,J-',gj) for a Killing metric gj for j = 1 and 2. There exists a 
real number r and a diffeomorphism f of M in Diffo(A/, J^) such that 

(69) rii\TT ^ rf*{r|2\TF)■ 
Proof. r]i and 772 are the characteristic forms of Kilhng metrics. Thus, by Corollary 
4.7 of Kamber and Tondeur [23] , both of the leafwise cohomology classes of rii\Tj^ 
and 772|tj=' generate the £'2-term E2'^{F) of dimension 1. Hence we have a real 
number r such that 

(70) ['7i|t.f] = r[j-i2\TT] 

in the leafwise cohomology group H^{F). By the leafwise version of the Moser's 
argument (see Hector, Macias and Saralegui 21]), we have a diffeomorphism / of 
M in Diffo(Af, J") such that 

(71) Vi\tf ^rf*{T)2\Tr)- 

□ 



Lemma 7.2. Let ^ be a nowhere vanishing vector field on M. Let {(/)t}tgM be the 
flow generated by ^. Let J- be the orbit foliation of(,. Let rj be a 1-form on M which 
satisfies C^^rj = and r](^) = 1. Let h be a smooth function on M . 

(i) If D(j)t + t{dh ® ^) is nondegenerate at each point of x for any t in [0, 1], 
then {(l)h(x)t}te[GS] an isotopy. 

(ii) Assume that {4>h(x)t\te[o,i] isotopy. Let f be the time one map of the 
isotopy {(l)h(x)t}t(^[o,i]- Then we have 

(72) f*V = V + dh. 

(iii) Ifh satisfies S^h — 0, then there exists a diffeomorphism f of M in Diffo(M, J-) 
such that 

(73) f*V = ri + dh. 
Proof. We consider maps 

(74) 

and 



* : Af X M — > A -/ X M 
{x,t) ^ {c^t{x),t) 



H : M X R — > Af X R 
{x,t) 1 — )■ {x,h{x)t) 



(75) 

Let prj^ : A/ X M — > M be the first projection. For each t, we have 



(76) D{pT-^^ o^- o H\Mx{t}) D(t)t + tdh ® ^ 

Thus, by the assumption of the nondegeneracy of the right hand side of (l76l) . 
prj^ o^P o : M x {t} — > M is an open immersion. Since an open immer- 

sion from a closed manifold to a closed manifold of degree 1 is a diffeomorphism, 
prj^ o H\Mx{t} is a diffeomorphism of M. Since 4>h{x)t = Wi ° lMx{t} by 
the definition, the proof of (i) is completed. 



22 



HIRAKU NOZAWA 



For a vector field Y on M, we have 
(77) 



rr^iY) - rj{DipT, o* o H\M.{i})iY)) 
^r^{{D4>i+dh(E,0{Y)) 
^ (l)lr){Y) + dh{Y) 
= r]{Y)+dh{Y). 



Hence (ii) is proved. 

We take a large integer N so that Dipt + jfdh(i^£^ is nondegeneratc at each point 
of X for any t in [0, 1]. We define Q by 

(78) Q=,j+l.dh 

for j = 0, 1, . . ., N. By — 0, we have C^Q — and CjiO = 1 f^'" each j. By (i) 
and (ii), we have a diffeomorphism of M in Diffo(A'/, J^) such that 

(79) /|0 = 0+1- 

Hence we can take / in the statement of (iii) as f — (/^)^. □ 

Let (M, ri,g) be a closed Sasakian manifold. By Lemma r2.10[ a Sasakian metric 
on M is determined by a contact form and a transversely Kahler structure of 
the flow T defined by the flow generated by the Reeb vector field of 77 on M such 
that the differential of the contact form coincides with the transverse Kahler form. 
For a basic closed form /3, we can construct a Sasakian metric cr^ determined by a 
contact form rj + P and the same transversely Kahler structure of J- as (ri,g). We 
consider the set of Sasakian metrics 

iSi = {ap I /3 is a basic harmonic l-form on (Af, g)}. 



Proposition 7.3. Every orbit of the action o/Ham(5o) on S intersects Si. 

Proof. Take a Sasakian metric (?7i,5i) whose underlying transversely Kahler flow 
is isomorphic to the transversely Kahler flow of (?7,g). The isomorphism of trans- 
versely Kahler flows means drj = drji and the transverse metrics induced by g and gi 
are equal. Let J- be the common underlying flow of {r],g) and (771, gi). By Lemma 
17.11 there exist a real number r and a diffeomorphism /i of M in Diffo(M, J') such 
that 

(80) ??|T^-r/*(77i|T^). 

We put 772 = fiVi- Since the restriction of 77 — r772 to TJ- is zero and d{r] — rri2) is 
basic, rj — rri2 is basic. Hence we have 

(81) [d77] = r[d?72] = r[d7/i] 

in H^{M/T). Note that Diffo(Af, 7^) trivially acts on the basic forms by the defl- 
nition. Since we have [^771] = [^7;] by the assumption, it follows that r — 1. Thus 
77 — 772 is a closed basic l-form. By the basic Hodge decomposition for Riemannian 
foliations (see El Kacimi and Hector or Alvarez Lopez pj), there exists a basic 
harmonic l-form /3 and a smooth basic function /12 such that 



(82) 



7/ - 772 = /3 + dh2. 
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Let ^ be the common Reeb vector field of 77 and 772 . By Lemma \7.2\ we have a 
diffeomorphism / of M in DifFo(M, J^) such that 

(83) f2m = m+dh2. 

Hence we have 

(84) /2*772 =77-/3. 

Thus /1 772 is an element of Si. Since /2 772 is on the same orbit of the action of 
Diff (Af, F) as -qi , it follows that Si intersects with every orbit of the action of 
Difro(M,J-). □ 

Proposition 7.4. Every orbit of the action 0/ Diffo(M, J^) on S intersects Si at 
most one point. 

Proof. Assume that we have 

(85) =/*(,y-/32) 

for two harmonic basic 1-forms (3i, P2 and an element / of Diffo(Af, 7^). We will 
show Pi — (32. 

By ([85)) . we have 77 — f*r] = ^1 — /*/32- Then 7/ - f*r] is basic. It follows that / 
satisfies 

(86) /4 = e 

Here /*/32 is a basic harmonic 1-form which is cohomologous to P2, because / 
is isotopic to the identity and preserves the transverse metric of J-. Since each 
basic cohomology class is represented by a unique harmonic form by the Hodge 
decomposition theorem (see El Kacimi and Hector or Alvarez Lopez yLi)j we 
have 

(87) /*/32 = /32. 

We take an isotopy {<^s}se[o,i] such that (j>o = id, (j)i = f and (ps is an element 
of Hamo(M, J^) for every s in [0, 1]. We put Xs — ^l^-^^t. Since 77 — 0*77 is exact, 
Cx^rj = Lx,dr] + d{r]{Xs)) is exact. Thus we have a smooth function hs on M such 
that 



Lx^ drj — dhs 

for each s in [0, 1]. Since Ch^r] = dh for any smooth function h on M, ((88|) implies 

(89) t^x^-ih^+nix^^mri = ^xdf^ + d{rj{X,)) - d{K + = 0. 

Let {0s}sg[o,i] be the isotopy generated by vector fields {Xg + {hg — 77(^3 ))^}sg [0,1] . 
We have 

(90) {P'lTv^Tl 
by Hence we have 

(91) (0'i)*e = e 
Putting = {(t)'i)^'^ o /, we have 

(92) r,7 = /*(^;)*^ = /*r7 

by ([90)1 . The difference of the two vector fields which generate {4's}s<^[o,i\ and 
{4>'s} s^[o,i\ is {hs + "ni^sTjS,, which is tangent to F. Thus 4's and 4>'g induces the 
same map on the leaf space of {M,T). Thus {(0^)^^ o ^s}se[o,i] gives an isotopy 
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such that ((/)q) ^ o 00 = id, {(l>'i) o cpi ~ fs and (01,) o 0^ is an element of 
Diffo(M, J"). We put ip, = (^^^^ o 0,. We put = Tt\t=s'^t- '^^ 
element of Diffo(Ajf, 7^), this Yg is tangent to for each s. Hence we have 

(93) iyJrj^O. 

By dM]), we have 

^ ^ =JlrMYs))dt 

= d(/>;(7y(n))dt). 

Hence, putting = {r]{Ys))dt, we have 

(95) f;T^-r^ = dh3. 
By (Uni), (Ull), dMI) and ([95]), we have 

(96) /32 - /3i = d/i3. 

Since the right hand side is a harmonic form, we have Pi = ^2- D 

Theorem 11.61 follows from Propositions 17.31 and 17.41 At last, we remark that we 
obtain the following result as a consequence of Proposition 17.31 

Proposition 7.5. Let rji and 772 be two K- contact forms on a closed manifold M . 
If H^{M;R) = and the orbits foliations of Reeb vector fields 0/771 and 772 are 
equal, then there exists a real number r and a diffeomorphism f : M — > M such 
that f*ai — OL\. 



8. Examples 

8.1. Standard Sasakian metrics on spheres. We recall the standard Sasakian 
metric on S*^"^^. Consider a function r on M^" defined by 

(97) r{xi,yi,X2,y2,--- ,a;„,?/„) = ^ xf + yf + xj + -\ ^ xl + 

where {xi,yi, X2,y2, ■ ■ ■ , Xn, y-n) is the standard coordinate on R^". Let 5'^"^-'^ be a 
unit sphere of K.^" defined by r = 1. Let ^std = (d^i ® dxi + dyi (E) dyi) be the 
standard metric on M^". Define a 1-form T^std = 2r{xiX ,y„y^ Y,l=ii.^idyi - Vidxi) 
on R^" — {0}. Then (S'^"~^,gstd|s2"-i)??std|s2n~i) is a Sasakian manifold. The flow 
generated by the Reeb vector field of 77std|s2.i-i is given by the principal S'^-action 
whose orbits are tangent to the fiber of Hopf fibration. The base space of the Hopf 
fibration is CP"~^. 

Indeed, R^" — {0} S*-^"^^ x R>o is a metric cone of S'^^~^ where the coordinate 
on the second component is given by a function r. The Kahler metric on R'^" — {0} 
is given by ^std and the standard Kahler form Wstd = X^iLi dxi A dyi. 

To describe the deformation of transversely holomorphic flows, we use the result 
of Girbau, Haefliger and Sundararaman (Proposition 6.1 in [H]). They showed 
that the Kuranishi space of the deformation of the transversely holomorphic flow 
defined by fibers of a circle bundle over a complex manifold X is identified with an 
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open neighborhood of in H'^{X, T^-'^X), the space of holomorphic vector fields on 
X, a X satisfies 

(98) H^'%X) = 
and 

(99) H^{X,T^^°X) ^0. 

The complex projective space CP"^^ satisfies the conditions (j98|) and (j99| . Hence 
the Kuranishi space of deformation as a transversely holomorphic fiow is identified 
with an open neighborhood of in i/°(CP"~"'^, T^'"CP"^^), which is of complex 
dimension — 1. Among them, infinitesimal deformation of transversely holomor- 
phic Riemannian flows formed a union of subspaces as real vector spaces of real 
dimension n — I. 

In this example, we can apply Corollary II .41 because _ff°'^(CP"^^) = 0. Hence, 
the Sasakian metric (^std, f^std) is stable. By the simply connectedness of S*^""^, we 
can apply also Corollarv 11.71 Thus, the space of isomorphism classes of Sasakian 
metrics are identified with the isomorphism classes of the underlying transversely 
K abler flows. 

For description of universal families of deformation of the Hopf fibration as a 
transversely holomorphic fiow, see Haefliger [12] and Duchamp and Kalka 

We can apply Corollaries II .41 and II .71 to the circle bundles associated to positive 
line bundles over Fano manifolds X which satisfies the condition (j99p in a similar 
way. 

8.2. Circle bundles over complex tori. We present an example of a family of 
transversely Kahler flows in which the stability of Sasakian metrics does not hold. 

Let X be an projective complex torus with a positive holomorphic line bundle 
E. We fix a Hermitian metric on E so that its curvature form is positive. Let M 
be the unit circle bundle of E. Then M has a Sasakian metric whose underlying 
transversely Kahler flow is defined by the fibers of the circle bundle. 

It is well known that there exists a smooth family of complex tori i[ 
and a dense subset 7^ in ] — 1, 1[ such that X° — X and X* is not projective for 
every t in K. 

We denote the total space of the family of complex tori by T. We fix a trivial- 
ization 0: T = Xx] — l,l[asa smooth fiber bundle over ] — 1, 1[. We pull back the 
complex Hermitian line bundle on X to T by (j)opTi where prj^ : Xx] — 1, 1[ — > X 
is the first projection. We define M* as the unit circle bundle associated to the com- 
plex line bundle ((/)* pr^ E)\xt — > X*. Let be a flow on M* deflned by the flbers 
of the circle bundle M* — > X*. Kodaira's stability theorem implies the existence 
of Kahler metrics on X* for t sufficiently close to 0. Since the leaf space X* is 
Kahler, J^* is a transversely Kahler fiow for t sufficiently close to 0. 

There exists a compatible Sasakian metric on by definition. But, for t in K, 
M* does not have any compatible Sasakian metric. Indeed, if M* has a compatible 
Sasakian metric, then X* must be projective by the theorem of Hatakeyama |20) . 
This is contradiction. 

In this example, the basic Euler class of J^* is the Euler class of circle bundles 
Af* — > X* and can be considered as an element of _ff^(X*;Z). Clearly this class 
is of topological nature and independent of t. On the other hand, the Hodge 
decomposition iJ2(x*;C) ^ H^'°{X')(SH^'\X')®H°''^{X*) changes when i varies. 
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